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Strong-Field Breit-Wheeler Pair Production in Short Laser Pulses:
Identifying Multiphoton Interference and Carrier-Envelope Phase Effects
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The creation of electron-positron pairs by the strong-field Breit-Wheeler process in intense short
laser pulses is investigated in the framework of laser-dressed quantum electrodynamics. Regarding
laser field parameters in the multiphoton regime, special attention is brought to the energy spectrum
of the created particles, which can be reproduced and explained by means of an intuitive model.
The model is based on the probabilities of multiphoton events driven by the spectral components of
the laser pulse. It allows, in particular, to identify interferences between different pair production
channels which exhibit a characteristic dependence on the laser carrier-envelope phase.
PACS numbers: 12.20.Ds, 34.80.Qb, 32.80.Wr, 42.50.Ct
I. INTRODUCTION
The collision of two high-energy photons can lead to
the creation of an electron-positron (e+e−) pair and is
referred to as Breit-Wheeler process [1]. Studies of Breit-
Wheeler pair production via multiphoton absorption in
the strong electromagnetic fields of intense laser waves
started in the 1960s [2–4]. Here, the energy threshold for
pair production is overcome by the combination of a high-
energy γ photon and several laser photons, according to
the reaction
ωγ + nωc → e+e− . (1)
Due to a remarkable and still ongoing progress in high-
power laser technology, there is a clear perspective for
corresponding experimental studies in the near future.
Petawatt-class laser systems reach field intensities well
above 1020W/cm2 in many laboratories worldwide, and
an increase towards 1025W/cm2 is envisaged within the
Extreme Light Infrastructure (ELI) [5] and the Exawatt
Center for Extreme Light Studies (XCELS) [6]. Be-
sides, x-ray free-electron laser facilities can generate bril-
liant kiloelectronvolt photon beams beyond 1020W/cm2
[7, 8]. These technological developments have triggered
substantial theoretical efforts on e+e− pair production
and other quantum electrodynamic processes in high-
intensity laser fields during the last decade [9, 10].
Operating modern technologies in a suitable conjunc-
tion allows for experimental studies on e+e− pair pro-
duction in strong laser fields already at present. Indeed,
the first (and so far unique) experimental observation of
multiphoton Breit-Wheeler pair production was accom-
plished in the 1990s by utilizing ultrarelativistic electron-
laser collisions at the Stanford Linear Accelerator Center
(SLAC) [11]. In the rest frame of the projectile elec-
trons, the laser field strength and frequency were largely
amplified to the required level by the relativistic Lorentz
boost. The resulting pair creation was attributed to pro-
cesses involving on average four to five laser photons and
a high-energy γ photon which originated from Compton
backscattering off the electron beam. We note that e+e−
pairs can also be generated when intense laser pulses in-
teract with solid targets [12, 13]. Here, however, the
pair production is not caused by multiphoton absorption,
but rather by a chain of reactions involving emission of
bremsstrahlung and (Bethe-Heitler) pair production in
the Coulomb fields of atomic nuclei in the target.
While the seminal works [2–4] were based on the as-
sumption of an infinitely extended, monochromatic laser
wave, in recent years theoreticians have considered re-
fined aspects of laser-induced pair production in more
complex field geometries. Two main lines of develop-
ment may be distinguished. On the one hand, processes
in bichromatic laser fields have been investigated [14–18].
These fields facilitate interferences between pair creation
channels of different photon number combinations, which
can be modulated by the relative phase shift between
the laser modes. Furthermore, suitable combinations of
a strong, low-frequency and a weak, high-frequency field
mode were shown to enhance the pair creation yield sig-
nificantly [19–25]. On the other hand, in view of the ex-
perimental prospects for e+e− pair production in strong
laser fields, theoretical treatments have started to ac-
count for the actual shape of finite laser pulses [26–41].
The broad spectrum of a short pulse was shown to facili-
tate a multitude of pair creation channels and to strongly
modify the created particle spectra. The latter exhibit
a quite complicated structure which can also be affected
by the carrier-envelope phase (CEP) of the pulse. In ad-
dition, characteristic enhancements of the pair produc-
tion probability were found in certain laser parameter
regimes.
In this paper, e+e− pair creation by the multiphoton
Breit-Wheeler process (1) in an intense laser pulse is ex-
amined. Laser fields with a moderate value of the nor-
malized vector potential, ξ ≤ 1, will be considered [see
Eq. (4) below]. We shall combine concepts from both
theoretical approaches mentioned above in order to show
how the energy spectrum of the created particles can be
understood in terms of multiphoton processes originating
from the continuous pulse spectrum. The origins of CEP
effects in the particle spectra shall be classified and es-
sentially traced back to interferences between these chan-
2nels, which this way can be identified and understood.
Our analysis is based on an intuitive model which ac-
counts for the probability of multiphoton events driven
by the laser pulse. It also allows us to identify combined
emission-absorption processes of laser photons in the par-
ticle spectra. We note that another simplified model of
multiphoton Breit-Wheeler pair production has been de-
veloped in [31] which, however, conceptually differs from
our approach, as will be discussed below. The present
study, moreover, complements a recent article [39], where
interference processes in a laser field with ξ ≫ 1 are in-
terpreted on the basis of a semiclassical model.
We point out that the Breit-Wheeler process under
consideration here is related, by a crossing symmetry
of the underlying Furry-Feynman diagrams, to nonlinear
Compton scattering. For the latter process, signatures
of short laser pulses – including interference and CEP
effects – have also been studied in recent years (see, e.g.,
[42–46]). Besides, it is worth mentioning that interest-
ing analogies of strong-field e+e− pair production exist
in other areas of physics. They have been theoretically
predicted in various systems, such as graphene layers in
external electric fields [47, 48] or ultracold atoms in opti-
cal lattices [49], where the dynamics of quasiparticle and
hole states can resemble the e+e− pair creation.
Our paper is organized as follows: We start with a brief
survey of the theoretical framework in Sec. II and present
the analytical derivation of the pair creation probability.
In Sec. III, concepts from a bichromatic laser field are
generalized, revealing different types of interferences that
are facilitated by the continuous spectrum of short laser
pulses. A model based on multiphoton processes is devel-
oped and shown to reproduce the particle energy spectra
to a very good approximation. In Sec. IV, CEP effects
are investigated and classified. Employing information
obtained from the model, interferences between different
pair production channels are identified. We finish with
concluding remarks in Sec. V.
Throughout this work, relativistic units with ~ = c = 1
are used. Furthermore, e and m denote the positron
charge and mass, respectively.
II. THEORETICAL FRAMEWORK
The strong-field Breit-Wheeler process describes the
creation of an e+e− pair induced by the decay of a high-
energy gamma quantum traveling in a strong laser field.
The corresponding pair creation probability is obtained
following an S matrix approach in the framework of laser-
dressed quantum electrodynamics (QED). We will settle
our notation and definitions in Sec. II A and present
a brief sketch of the calculation in Sec. II B. A more
detailed presentation of a similar calculation can be found
in [32].
A. Definitions
1. Laser Pulse
The laser pulse is described classically by its vector
potential in radiation gauge
Aµ = A0f(φ)X[0,2π](φ)ǫ
µ . (2)
The space-time dependence is determined by the phase
variable φ = k · x, leading to a plane-wave fronted pulse
and facilitating the use of Volkov states. We introduce a
wave four-vector kµ = ωb(1,n) with (basic) frequency ωb
and normalized propagation direction n, a real polariza-
tion vector ǫµ with ǫ·k = 0 and the space-time coordinate
xµ = (t, r). The actual shape is given by the combination
of the shape function f(φ) and the characteristic function
X[0,2π](φ), which restricts the pulse to the phase interval
[0, 2π]. Even though the following derivation is kept gen-
eral, we will present our numerical results for a specific
choice of the shape function which is defined by means
of its derivative
f ′(φ) = sin2(φ/2) sin(Noscφ+ χ) , (3)
with the number Nosc of cycles within the sin
2-envelope,
and a carrier-envelope phase χ. The spectrum of this
pulse is centered around the central frequency ωc =
Noscωb. In order to fulfill Maxwell’s equations, we have
to restrict Nosc ≥ 2; otherwise the vector potential in Eq.
(2) would not be continuous.
The strength of the laser field is measured with the
invariant and dimensionless amplitude parameter
ξmax =
eA0
m
maxφ |f(φ)| (4)
accounting for the maximum amplitude, which is most
important for the non-linear processes that we are inter-
ested in.
2. Volkov States
The Dirac equation for a charged particle in the above
electromagnetic field can be solved exactly by means of
Volkov states due to the restriction of the space-time de-
pendence on one common propagation direction [50]. For
a particle (antiparticle) with four-momentum pµ− (p
µ
+),
the Volkov states read
Φp± =
√
m
V Ep±
[
1± e/k /A
2k · p±
]
w±e
i[±p±·x+Λ±] (5)
with
Λ± =
1
k · p±
∫ k·x
0
[
ep± · A(φ)∓ e
2
2
A2(φ)
]
dφ (6)
and with pµ± = (Ep± ,p±), energy Ep± =
√
m2 + p2± and
a normalizing volume V . The free spinors w± satisfy the
3algebraic equation (/p±m)w± = 0 and are normalized ac-
cording to w±(p±, s±)w±(p±, s
′
±) = ∓δs±,s′± , where s±
labels the spin projection [51]. Since we will sum over all
spin configurations in the end, the choice of the quantiza-
tion axis is immaterial for this consideration. We employ
the metric tensor diag(+,−,−,−), Dirac γ-matrices, the
Dirac adjoint w = w†γ0, and Feynman slash notation.
The interaction with the laser field gives rise to effec-
tive momenta
qµ± = p
µ
± ∓ e〈Aµ〉 ± 〈ep± · A∓
e2
2
A2〉 k
µ
k · p± , (7)
where 〈· · · 〉 indicates a phase average. Note that, in con-
trast to an infinitely extended monochromatic wave, the
average over Aµ does not need to be zero. Signatures
of these dressing effects can be detected in the energy
spectra of produced particles.
3. Gamma Quantum
The gamma quantum is treated as one mode of a quan-
tized radiation field with wave four-vector kµγ = (ωγ ,kγ),
real polarization vector ǫµγ with kγ · ǫγ = 0 and corre-
sponding mode index λγ . For calculational simplicity,
we assume the gamma quantum to be colliding head-on
with the laser beam.
The absorption of the gamma quantum is included into
the effective scattering potential
Aµγ =
√
2π
V ωγ
e−ikγ ·xǫµγ (8)
which facilitates concise notation of the following expres-
sions.
B. Pair Creation Probability
The S matrix element for the gamma photon-induced
creation of an electron-positron pair with four-momenta
p− and p+ reads
Sp+p− = ie
∫
d4xΦp− /AγΦp+ . (9)
Sorting the constituents with respect to their depen-
dence on the integration variables, we arrive at
Sp+p− = S0
∫
d4xC(φ)e−iQ·x−iH(φ) , (10)
with S0 = iem
√
2π/(V 3ωγEp+Ep−) and
C(φ) = g0 + g1f(φ)X[0,2π](φ)
H(φ) =
∫ φ
0
h(φ˜)dφ˜ (11)
Qµ = kµγ − (pµ+ + pµ−)
and introducing abbreviations
g0 = w−/ǫγw+
g1 =
eA0
2
w−
[
/ǫγ/k/ǫ
k · p+ −
/ǫ/k/ǫγ
k · p−
]
w+
h(φ) =
[
h1f(φ) + h2f(φ)
2
]
X[0,2π](φ) (12)
h1 = −eA0
[
ǫ · p+
k · p+ −
ǫ · p−
k · p−
]
h2 = −e
2A20
2
[
1
k · p+ +
1
k · p−
]
.
We employ light-cone coordinates with respect to the
laser propagation direction n = k/|k|. For a given four-
vector xµ with x‖ = x · n we have x− = x0 − x‖, x+ =
1
2
(
x0 + x‖
)
and x⊥ = x− x‖n. The integration measure
is transformed according to d4x = dx−dx+d2x⊥.
The integration in Eq. (10) requires a regularization,
which was done in analogy to the Boca-Florescu trans-
formation [42]. Effectively, we have to set
g0 → −k
0
Q0
h(φ)g0 (13)
where Q0 6= 0 follows from kinematical constraints [32].
Three integrations can be carried out directly, and we
obtain
Sp+p− = (2π)3S0δ(Q−)δ(2)(Q⊥) (14)
×
∫ 2π/k0
0
dx−C(k0x−)e−iQ
0x−−iH(k0x−) .
The last integration can be carried out numerically.
The total particle creation probability (averaged over
the polarization of the gamma quantum) is given by
P =
1
2
∑
λγ
∑
s+,s−
∫
V d3p+
(2π)3
∫
V d3p−
(2π)3
|Sp+p− |2 . (15)
The spinor properties can be treated with usual trace
techniques. We note that the square of 2πδ(Q−), which
appears in Eq. (14), has to be treated with care. It
produces a scaled length factor of
k0γ
k−γ
L, instead of just
L. This can be shown, for example, within a consid-
eration which treats the incoming γ-photon as a wave
packet [38]. Here, L denotes the normalizing length in
the propagation direction [cp. Eq. (8)]. In our geometry
of a head-on collision, the scaling factor simply becomes
k0γ
k−γ
= 12 . It enters into the particle creation probability
Eq. (15) through the square of the S matrix element.
C. Energy-Momentum Balance
The three δ-functions in Eq. (14) can be used to for-
mulate a pair formation condition in terms of the dressed
particle momenta
qµ+ + q
µ
− = k
µ
γ + rk
µ . (16)
4We note that a consideration of the particles’ dressed mo-
menta appears physically meaningful in the present situ-
ation because, for ξ < 1, the pair formation length covers
a substantial fraction of the laser pulse [10], which com-
prises several cycles of field oscillations. Equation (16)
closely resembles the energy-momentum conservation law
in an infinitely extended, monochromatic laser field [2–
4], with the only difference being that the parameter r is
continuous, rather than discrete. Accordingly, rkµ mea-
sures the four-momentum absorbed from the laser pulse
[32]. As a consequence, the parameter r becomes subject
to the threshold condition r ≥ m2∗ωbωγ which is formulated
in terms of the laser-dressed mass
m∗ =
√
q2± =
√
m2 + e2〈A〉2 − e2〈A2〉 . (17)
Since r is not restricted to integer values, each frequency
component of the pulse spectrum can in principle par-
ticipate in the pair production process, given that the
threshold is overcome. Regarding multiphoton processes,
Eq. (16) does not specify how the total four-momentum
rkµ is shared among several laser photons. In fact, the
production of a pair with fixed four-momenta can be
thought of as a coherent superposition of channels of dif-
ferent numbers of photons with continuously varying fre-
quencies as provided by the pulse spectrum. One aim
of this article is to identify the dominant contribution to
such a process.
As a preparation for our further analysis of the particle
energy spectra, we introduce EL = rk
0 to denote the
total required energy from the laser, with
rkµ = pµ+ + p
µ
− − kµγ −
(
h1〈f〉+ h2〈f2〉
)
kµ . (18)
III. MODELING THE PARTICLE SPECTRUM
The aim of this section is to develop an intuitive model
for the pair creation process in a laser pulse which ac-
counts for effects due the pulse spectrum. As a first step,
we generalize concepts from a bichromatic to a multichro-
matic field. Afterwards, these concepts will be applied to
an actual laser pulse which can be considered the contin-
uous limit.
A. Concepts from Multichromatic Case
1. Pair Creation Amplitude
For the case of a multichromatic laser field withM dis-
crete modes of frequencies ωj (which are assumed pair-
wise different) and relative phase shifts δj propagating
in the same direction, the combined vector potential in
reduced units reads
ξ(t) =
M∑
j=1
ξj cos(ωjt− δj) (19)
where the usual amplitude parameter ξj =
eA0,j
m has been
used. We suppress the spatial dependence in the nota-
tion. The polarization vectors are assumed to be linear
and to be aligned uniformly, even though we do not ex-
plicitly use the latter property [52].
The pair creation amplitude S for this laser field can
be Fourier decomposed into the form
S =
∞∑
n1=−∞
· · ·
∞∑
nM=−∞
S(n1, . . . , nM ) (20)
with partial amplitudes
S(n¯) = S0(n¯) δ(q0+ + q0− − ωγ −
M∑
j=1
njωj) e
iϕ(n¯) (21)
that are referenced via the multiindex n¯ = (n1, . . . , nM ).
Inspecting the energy conservation for the pair creation
process, we identify the energy q0+ + q
0
− − ωγ which is
required from the laser field in order to create a certain
particle pair. The δ-function allows only those processes,
for which this energy can be met by integer multiples
of the mode frequencies ωj . This step finally brings the
concept of (laser) photons into our framework despite the
classical treatment of the laser field.
Note that the numbers nj in Eq. (20) can also be
negative, which means that the corresponding photons
are emitted into the laser field [17, 24]. Depending on the
availability of other photons, these processes can deliver
the dominant contribution for certain particle energies.
The phase of the pair creation amplitude
ϕ(n¯) =
M∑
j=1
njδj (22)
results as the sum of the phase shifts of the contributing
modes.
In order to classify the subprocesses in the following
section, we introduce the symbol |n¯| = ∑Mj=1 |nj |, and
rearrange the amplitude as
S =
∑
n¯
S(n¯) =
∞∑
N=1
∑
|n¯|=N
S(n¯) =
∞∑
N=1
S(N) (23)
where the N -photon amplitude S(N) =∑|n¯|=N S(n¯) has
been introduced, such that N accounts for the total num-
ber of photons being interchanged with the laser field.
2. Probabilities and Interferences
The pair creation probability P is obtained by integrat-
ing |S|2 over the particle momenta. We divide the ab-
solute square of the amplitude into equal and non-equal
total photon-number contributions
|S|2 =
∑
N
[
S(N)S∗(N) +
∑
N ′ 6=N
S(N)S∗(N ′)
]
(24)
5and introduce the fully differential probabilities PN =
S(N)S∗(N) and PNN ′ = S(N)S∗(N ′) + S(N ′)S∗(N),
where the latter results from interferences between chan-
nels of N and N ′ 6= N photons. As we will see in the
following, also PN can include interferences.
The criterion for the existence of interferences between
two processes with photon combinations n¯ and n¯′ 6= n¯
can be stated as [14, 16–18]
M∑
j=1
njωj =
M∑
j=1
n′jωj . (25)
In the case of a bichromatic field, and when emission pro-
cesses are negligble, this condition can only be fulfilled
with N ′ 6= N . In the general case, in particular when
proceeding to a multichromatic field with M > 2, in-
terferences can also occur between channels of the same
total number of photons (N ′ = N), which we shall call
Self-Interferences.
These processes become apparent, when we decompose
the N -photon probability PN according to
PN =
∑
|n¯|=N
[
S(n¯)S∗(n¯) +
∑
|n¯′|=N
n¯′ 6=n¯
S(n¯)S∗(n¯′)
]
, (26)
where we recognize the ordinary N -photon probability
PordN =
∑
|n¯|=N S(n¯)S∗(n¯). The remaining contribution
to the probability of the N -photon process is given by
the (N -photon) Self-Interference probability
PSIN =
∑
|n¯|=N
∑
|n¯′|=N
n¯′ 6=n¯
S(n¯)S∗(n¯′) , (27)
which consists of interferences between different combi-
nations of the same total number N of photons.
The interference terms between channels of N and
N ′ 6= N photons are of the form
PNN ′ = 2
∑
|n¯|=N
|n¯′|=N ′
|S0(n¯)||S0(n¯′)|σn¯,n¯′ cos [ϕ(n¯)− ϕ(n¯′)]
(28)
when the δ-functions are suppressed, and assuming
σn¯,n¯′ = cos(arg[S0(n¯)] − arg[S0(n¯′)]) = ±1 . The inter-
ference terms are modulated by the optical phase shifts
δj [cp. Eq. (22)], which can thus induce strong effects on
the particle yield.
If the amplitude phases depend only on the total num-
ber of photons, allowing to write ϕ(n¯) = ϕ(N), we can
define a common interference phase
φNN ′ = ϕ(N)− ϕ(N ′) . (29)
As we will show below, several of its properties can be
derived analytically.
B. P-Model
Our aim is to understand the energy spectra of emit-
ted positrons. To this end, we will now develop a model
which produces quantitative estimates for the (ordinary)
probabilities of processes depending on the total num-
bers of photons. Neglecting the self-interference terms,
this approach facilitates a straight-forward implementa-
tion and additionally allows to estimate the magnitude
and phase of interference terms.
1. Definitions
In order to employ the concepts from the previous sec-
tion, we introduce for a given fully differential probability
P the corresponding contribution to the total probability
P =
1
2
∑
λγ
∑
s+,s−
∫
V d3p+
(2π)3
∫
V d3p−
(2π)3
P (30)
which is supposed to be applied to the probabilities of
partial processes, like PN or PNN ′ .
Our energy spectra are defined as follows: The positron
energy is scanned for a fixed positron emission direction.
The resulting data is then presented as a function of the
required energy from the laser, where dressing effects are
included [cp. Eq. (18)]. We introduce the symbol dP to
refer to the corresponding differential (spectral) proba-
bility [53], which is given by
dP =
d3P
dEp+d
2Ωe+
∂Ep+
∂EL
. (31)
These energy spectra can be defined for both the full
calculation from Sec. II and for partial processes as in-
troduced in Sec. III A.
2. Outline of the P-Model
The probability corresponding to Pordn¯ = S(n¯)S∗(n¯)
can be understood as the classical probability to create
a pair from the photon combination n¯. Here, classical
means the absence of interference processes. The model
idea is to decompose the probability to create a pair with
total required energy EL into the probability ̺n¯(EL) to
find a suitable photon combination n¯ in the frequency
spectrum of the laser pulse, and the probability pn¯(EL)
to create a particle pair from these photons, which means
dPordn¯ (EL) ≈ pn¯(EL)̺n¯(EL) . (32)
In analogy to the δ-function in Eq. (21), ̺n¯ determines
whether the laser field can provide the required four-
momentum in form of the particular photon combination
n¯ in order to produce a given particle pair. Besides, ̺n¯
accounts quantitatively for the spectral shape of the laser
6field. Conversely, the field intensity determines the pair
creation probability pn¯.
While ̺n¯ will be determined exactly, we develop the
model by simplifying the pair creation probability. As
a first step, we assume that pn¯(EL) does not depend on
the distribution of the photons n¯, but only on their total
number N = |n¯|, which means pn¯(EL) ≈ pN (EL).
Introducing the probability ̺N (EL) =
∑
|n¯|=N ̺n¯(EL)
to find any combination of N photons that delivers the
required energy, we arrive at the probability
dPordN (EL) ≈ pN (EL)̺N (EL) (33)
of the (ordinary) pair creation channel which includes
N photons. Effectively, we have separated the spectral
properties of the laser pulse from the pair creation pro-
cess.
The model approach is obtained by assuming the pair
creation probabilities to be mainly determined by the
perturbative intensity scaling
pN (EL) = p0 ξ
2N
max (34)
with ξmax as given by Eq. (4). The remaining factor p0
can be regarded as a global prefactor for a given parti-
cle energy spetrum. As we will show below, the resulting
estimate can nicely reproduce various features of the par-
ticle spectra.
Accordingly, interference terms can be modelled by
dPNN ′ ≈ 2 p0 ξN+N
′
max
√
̺N̺N ′ cos(φNN ′) . (35)
The interference phase φNN ′ will be adressed below.
C. Completing the Model: Finding photons in
continuous spectra
In order to complete the model, we present in the fol-
lowing a method to determine the probability density for
multiphoton events in a laser pulse with a continuous
frequency spectrum. Furthermore, we will discuss how
emission processes can be incorporated into the model.
1. Probability to find one photon of fixed energy
We consider the case of a plane-wave fronted pulse,
with its electric field being determined by a real function
f(t). Again, we suppress the spatial dependence in the
notation. Applying Plancharel’s Theorem to the calcula-
tion of the total energy contained in the pulse
E ∼
∫ ∞
−∞
dt |f(t)|2 ∼
∫ ∞
0
dω|fˆ(ω)|2 (36)
where fˆ(ω) =
∫∞
−∞
f(t)eiωtdt denotes the Fourier trans-
form of f(t), we obtain the spectral energy density
|fˆ(ω)|2. Since we will have to normalize our expressions
in order to obtain a probability density, we may drop the
prefactors along these first lines. Introducing photons to
our formerly classical calculation, we obtain the photon
number density 1ω |fˆ(ω)|2 and define
̺(ω) =
1
N̺
1
ω
|fˆ(ω)|2 (37)
as the probability density to find one photon of frequency
ω in the spectrum of the pulse. In the following, we
shall refer to ̺(ω) as the photon finding probability. The
normalization is achieved with N̺ =
∫∞
0
1
ω |fˆ(ω)|2dω. In
terms of our model, we understand ̺1(ω) = ̺(ω).
2. Finding N photons
Temporarily excluding emission processes, the proba-
bility density to find a combination of N > 1 photons
that sum up to an energy of ω follows as
̺N (ω) =
1
N !
∫
dω1
∫
dω2 · · ·
∫
dωN (38)
̺(ω1)̺(ω2) · · · ̺(ωN ) δ
(
ω −
N∑
j=1
ωj
)
where all frequencies are assumed pairwise different and
̺(ω) is defined to vanish for non-positive frequencies.
The expression can be brought into the recursive form
̺N (ω) =
1
N
∫ ω
0
dω′̺(ω − ω′)̺N−1(ω′) . (39)
This quantity will be adressed as multiphoton finding
probability.
3. Negative Photon Numbers – Emission Processes
In order to treat emission processes with our model, we
draw the analogy to general absorption- and stimulated
emission processes. The probabilities of both processes
are the same (except for degeneracies) and proportional
to the photon density at the transition frequency. As-
suming the corresponding pair creation probabilities pn¯
to be well described by pN , we only need to general-
ize the multiphoton finding probability ̺N . This can be
achieved by including negatively weighted photons into
the summation of N photons with total energy ω in the
form
̺N (ω) =
1
N
∫ ∞
−∞
dω′̺(|ω − ω′|)̺N−1(|ω′|) . (40)
After this amendment, the P-Model is able to account
for emission processes.
7D. Examples
This section contains two example cases showing the
performance of our model. We present an illustrative ex-
ample of multiphoton processes, followed by an example
of emission processes. The energy spectra are obtained
as described in Sec. III B 1. The emission direction of
the positron is determined by the azimuthal angle φe+
which is measured w.r.t. the laser polarization vector,
and by the polar angle θe+ being measured w.r.t. the
laser propagation direction.
The calculations are performed in a frame of reference
in which the gamma quantum frequency and the cen-
tral laser frequency are of the same order. We note that
the parameters for the first example could be achieved
in two different experimental scenarios: Employing a
usual Nd:YAG laser with ωc ≈ 2.4eV and peak intensity
∼ 1017W/cm2, a gamma quantum with ∼ 300 GeV is re-
quired, which could be generated by Compton backscat-
tering off an electron beam with ultra-high energy as en-
visaged by XCELS [6]. In another scenario, assuming a
central frequency of 0.2 keV as provided by SASE3 at
DESY [7], the required intensity is ∼ 1021W/cm2. Vari-
ous proposals have been put forward of how a few-cycle
x-ray laser pulse could be generated (see, e.g., [54–56]).
The gamma quantum energy is reduced to 4 GeV in this
scenario, which can be achieved with latest laser-plasma
accelerators.
1. Multiphoton Processes
In Fig. 1 we show a typical energy spectrum ob-
tained from Eq. (15) (black solid line) of positrons as
a function of the required laser energy in units of the
central laser frequency. The spectrum reveals a com-
plicated structure which is dominated by a sequence of
broad peaks centered around integer values of EL/ωc (cp.
Refs. [22, 27, 32, 57]). Additional fast oscillations occur
especially for higher energies. As an overall impression,
the spectrum decays rapidly with increasing energy.
Our model can now be used in order to decode this rich
diversity of effects. For the current parameters, it is suffi-
cient to regard absorption-only processes [58]. The model
expression for the one-photon channel is obtained from
the pulse spectrum and amplitude as described above [see
Eqs. (33),(34),(37)] and by finally fitting the remaining
factor p0 for the highest energies in the spectrum, with
p0 ≈ 7.0 × 10−5. The resulting estimate is plotted as
the red solid line in Fig. 1, which agrees nicely with the
actual pair production probability both at the low- and
high-energy part of the spectrum. At low energies, a ma-
jor peak occurs at EL ≈ ωc, allowing the required laser
energy to be provided by one photon of the central fre-
quency of the laser and corresponding to a maximum in
the photon finding probability ̺1. The model clearly re-
produces the approximate shape of the main peak and of
the neighboring subpeaks. For high energies, the model
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FIG. 1. (Color online) Energy spectrum of positrons dP =
d3P
dEp+d
2Ω
e+
∂Ep+
∂EL
(EL) (black line) in units of 1/m as a func-
tion of the required laser photon energy EL in units of the
central laser frequency ωc. Top axis shows the correspond-
ing positron energy. Colored lines depict model estimates
for partial probabilities induced by the absorption of differ-
ent numbers N of laser photons as indicated in the legend
and by the symbols [N ]. These positrons with φe+ =
pi
4
,
θe+ = 0.3pi result from the head-on collision of a laser pulse
with ξmax = 0.1, Nosc = 6, ωc = 0.9m and χ = 0 and a
gamma quantum of energy ωγ = 3.015m.
agrees even quantitatively for a broad range of energies.
As a consequence, the fast oscillations are fully explained
by the pulse spectrum [59]. For both ends of the spec-
trum, the good agreement leads to the interpretation of
the corresponding positrons being produced by a one-
photon process.
In order to understand the central part of the spec-
trum, we determine the model expressions for higher pho-
ton numbers, employing the same value for p0 as for the
one-photon process. As can be seen in Fig. 1, the esti-
mates for the two, three and four photon processes agree
well with the shape of the broad peaks which are centered
around energies that correspond to the respective multi-
ple of the central frequency. Again, the good agreement
supports the identification of the dominant production
channel at a given energy. The oscillating substructures
appearing in the higher photon number peaks will be ad-
dressed in Sec. IVB.
The overall structure of the particle spectrum is de-
termined by the interplay of the perturbative intensity
scaling and the fall-off of the photon finding probabil-
ity, which scales as (EL/ωc)
−9 for the pulse profile under
investigation. For the parameters used in Fig. 1, the
one-photon tail clearly exceeds the probabilities of pro-
8cesses involving more than five photons. Consequently,
the number of photons contributing to the dominant pair
production channel at a given laser energy EL cannot
simply be deduced from the ratio EL/ωc.
2. Emission Processes
In order to illustrate emission processes, the energy
spectrum obtained from a laser pulse with increased am-
plitude ξmax = 0.5 and frequency ωc = 3.6m is presented
in Fig. 2 and compared to the model estimates for differ-
ent production channels. The indicated photon numbers
refer to the total number of laser photons involved in a
given process. The solid lines correspond to the model
calculation for absorption-only processes, while the sym-
bol lines show the model calculation for processes where
at least one photon is emitted. In contrast to the pre-
vious figure, the remaining parameter p0 was chosen in
order to obtain good agreement for the major one-photon
peak, with p0 ≈ 1.7× 10−4.
For a production channel involving a given total num-
ber of photons, emission processes cause additional broad
peaks at lower energies. These peaks are offset by an even
number of central frequencies from the main peak in the
absorption-only case. This behavior follows directly from
the fact that emitting instead of absorbing one photon
changes the resulting energy by two photon energies.
For the parameters used in Fig. 2, the pair creation
process at small energies is clearly not predominantly
caused by a one-photon process, but by a two- (or four-)
photon process, where one (or two) of the photons are
emitted into the laser wave. The enormous laser fre-
quency enables even smallest fractions of the central fre-
quency to produce a pair. The required energy can thus
be provided if one photon of the central frequency is ab-
sorbed, and the remaining energy is released by emitting
one photon with a frequency slightly less than ωc.
We note that with decreasing values of ξmax, the rel-
ative importance of processes with higher total photon
numbers decreases, and the particle energy spectrum ap-
proaches the shape of the one-photon process. The char-
acteristic zeros of the one-photon process [see Fig. 2] at
energies corresponding to integer multiples of the laser
basis frequency will be addressed below.
Concluding the section, we have shown that our ap-
proach allows to understand the position of the main
peaks in the spectrum, as well as their approximate
shapes. In the following, we will investigate the finestruc-
ture further and detect CEP and interference effects.
IV. CEP AND INTERFERENCE EFFECTS
In this section, we investigate how the carrier-envelope
phase enters the pair creation probability in the multi-
photon regime. The first subsection contains an analyti-
cal approach for a general pulse shape, while the second
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FIG. 2. (Color online) Positron energy spectrum dP of Eq.
(31) (black line) in units of 1/m obtained for ωc = 3.6m
and ξmax = 0.5 in order to demonstrate emission processes at
low energies. Remaining parameters are identical to Fig. 1.
The colored lines depict model estimates for processes involv-
ing a total number N of laser photons, where N is indicated
in the legend and by the labels [N ]. The solid lines corre-
spond to absorption-only processes, while the symbol lines
show processes where at least one photon is emitted into the
laser wave. The model expressions for the three and four pho-
ton absorption-only processes are too small to be seen here.
Subticks indicate laser photon energies EL which correspond
to integer multiples of the laser basis frequency ωb.
subsection contains numerical examples and shows how
our model can be used to identify interference effects.
A. CEP Effects – Analytic Approach
In the first part, we establish a connection between the
phase shifts δj of Eq. (19) and the spectral phase of a
finite pulse. In the second part, we will investigate how
the pulse spectrum and the spectral phase are affected
by the CEP. The third part applies these findings to the
pair creation process.
1. Continuous generalization of the phase shifts δj
Let us regard a plane-wave fronted pulse which is de-
termined by its vector potential A(t). We regard the
Fourier decomposition in the form
A(t) =
1
π
∫ ∞
0
|Aˆ(ω)| cos(ωt− φω)dω (41)
9where the spectral phase φω = arg Aˆ(ω) has been in-
troduced. A comparison with the multichromatic field
Eq. (19) shows that the phase shift δj can be associ-
ated with the spectral phase φω of the corresponding fre-
quency mode. The latter can equally be expressed by
the spectral phase of the electric field E(t), such that we
obtain
δj =̂ arg Aˆ(ω) = arg Eˆ(ω)− π/2 (42)
which determines the relevant components in the phase
of Eq. (28).
2. CEP signatures in pulse spectrum
Let us assume, for symmetry reasons, the electric field
of a plane-wave fronted pulse to be given by
f(t) = fenv(t) cos(ωct+ χ) (43)
with an arbitrary envelope fenv(t) that does not depend
on the CEP χ. The Fourier transform has the form
fˆ(ω) ∼ fˆenv(ω + ωc)eiχ + fˆenv(ω − ωc)e−iχ (44)
revealing the structure of the pulse spectrum and its ex-
plicit dependence on the CEP.
The CEP dependence becomes particularly straightfor-
ward, if the first term can be neglected, which requires
the following conditions: (i) the spectral width of the
envelope needs to be small, as for not-too-short pulses;
(ii) we restrict ourselves to the most dominant frequency
components ω which are close to the central frequency
ωc. Under these assumptions, the resulting photon den-
sity does not depend on the CEP, while the spectral phase
reveals a linear dependence on the CEP.
If one of these conditions is not fulfilled, such as in
the high-energy part of the spectrum, the photon density
and the spectral phase possess a more complicated CEP-
dependence.
3. CEP effects in energy spectra of Breit-Wheeler particles
Combining the previous findings, we can understand
the influence of the CEP on the pair creation process as
seen in the corresponding energy spectra of the particles.
For the following discussion, the pulse shape is not
specified but assumed to be in accordance with condi-
tion (i). The simplified CEP dependence on the pulse
spectrum therefore applies for those processes which
are mainly induced by photons with frequencies around
ωc. For a typical particle energy spectrum, this condi-
tion holds in the interval comprising several multipho-
ton peaks, starting at energies around ωc (when emission
processes are negligble), and extending to the energy at
which the one-photon process becomes noticeable again.
In this inner part of the particle spectrum, the rele-
vant multiphoton finding probabilities ̺N are insensitive
to the CEP. On the other hand, the CEP dependence
of the spectral phase is conveyed to the phase shifts,
which determine the interference phases. Let us fur-
ther assume the envelope function to be symmetric under
time-reversal, such that the complex phase of its Fourier
transform does not obtain a physically relevant continu-
ous frequency dependence. Thus, for interference terms
between (absorption-only) processes with N and N ′ pho-
tons, the interference phase obtains a (N −N ′)χ depen-
dence [cp. Eq. (29)]. This phase can lead to pronounced
interference effects, whose visibility is determined by the
probabilities of the underlying channels [60]. We note
that our pulse [cp. Eq. (3)] as employed in the numeri-
cal examples fulfills both criteria.
In the outer part of the particle spectrum, both the
multiphoton finding probabilities and the interference
phases have more complicated CEP dependences.
B. Numerical Results
In this section, we will demonstrate and explain CEP
effects occuring in the particle energy spectra for our spe-
cific choice of the pulse shape [cp. Eq. (3)]. To this end,
we present numerically computed particle spectra in Fig.
3 for various values of the CEP χ while the maximum
pulse amplitude ξmax is kept constant. This normaliza-
tion simplifies the analysis, since, in the spirit of the P-
Model, the probabilities of the dominant pair produc-
tion channels are kept constant. Note, however, that the
corresponding pulse energy is not constant but depends
on χ. The pulse amplitude is varied in the panels with
ξmax = 0.05 (left), ξmax = 0.1 (center) and ξmax = 0.2
(right). Each increment of ξmax facilitates one more mul-
tiphoton peak before the one-photon tail begins. These
last peaks are associated with photon numbers N˜ = 3, 4
and 5, respectively.
For all depicted values of ξmax, the CEP is found to
modify the particle spectra locally, while their general
structure as determined by the multiphoton peaks and
the one-photon tail is preserved. Between neighboring
multiphoton peaks, quantitatively strong CEP effects are
found that can change the pair creation probability by
more than one order of magnitude. For a given value of
χ, especially the peak associated with N˜ (as depicted in
the inlets) is modulated by small oscillations with a scale
given by the laser basis frequency ωb. These modulations
reveal a strong dependence on χ. The one-photon tail
exhibits a strong dependence on χ as well.
In order to understand these effects, we follow the pre-
viously developed analytical approach. With Nosc = 6,
the pulse shape is chosen in accordance with condition
(i) from Sec. IVA2. Condition (ii) is fulfilled for all
processes which are not affected by the high-energy CEP-
dependence of the photon finding probability ̺1. The lat-
ter begins at EL ≈ 3ωc (not shown). Determined by the
strength of the three- and four-photon peaks, the inner
part of the particle spectra as introduced in Sec. IVA3
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FIG. 3. (Color online) Positron energy spectra dP in units of 1/m for various values of the carrier-envelope phase as indicated
in the legend and for ξmax = 0.05 (left), ξmax = 0.1 (center) and ξmax = 0.2 (right). Remaining parameters are the same as in
Fig. 1. The inlets show the respective last multiphoton peak before the one-photon tail begins. Subticks indicate laser photon
energies EL which correspond to integer multiples of the laser basis frequency ωb.
extends to EL ≈ 3.5ωc for ξmax = 0.05 (left panel), and
to EL ≈ 4.5ωc in the center and also the right panel.
In the inner parts, the distinct CEP effects can be at-
tributed to interference effects. At energies in-between
multiphoton peaks, neighboring photon-number channels
are of the same order and can induce strong interference
terms, with an interference phase being proportional to
χ. This effect is the main origin of the CEP-dependences
which can be seen in Fig. 3 at EL & 1.5ωc in all pan-
els, at EL & 2.5ωc in the center and right panel and at
EL & 3.5ωc in the right panel. The CEP dependence was
analyzed by means of a Fourier decomposition of dP(χ)
for fixed values of EL. We further note that the CEP
effects can become more involved when interferences be-
tween other photon number channels contribute notice-
ably to the pair creation probability.
The multiphoton peaks are also subject to interference
effects. The difference between the probabilities of the
interfering channels generally decreases as the number of
photons is increased (cp. Fig. 1) and gives rise to the
most prominent interference effects in the peak associ-
ated with N˜ . Conversely, for a given multiphoton peak,
this difference grows with ξmax and weakens the inter-
ference effects. The small spectral oscillations disappear
simultaneously, leading to the conclusion that they are
mainly caused by interferences [61].
Let us deepen the discussion by analyzing the peak
associated with N˜ . Here, interferences can be expected
to happen predominantly between the channels involving
N˜ photons and the one-photon channel. The correspond-
ing interference phases have a periodicity of 2π/(N˜ − 1)
in χ. These interferences are the main reason for the
χ-dependence of the spectral oscillations as depicted in
the inlets of Fig. 3. In the right panel, the moderate
χ-dependence of the one-photon channel additionally en-
hances the pair creation probability for χ = π/2 as com-
pared to χ = 0, π. For this reason, the inner part of this
spectrum is defined to end at EL ≈ 4.5ωc.
In order to complete the picture, we regard the shape of
the corresponding spectral oscillations. In the left panel,
they almost vanish for χ = π/4 and χ = 3π/4. While
their original periodicity is ωb/2, the remaining oscilla-
tory structure has a periodicity of ωb. In the center panel,
a similar behavior is found, with smallest deviations from
the original shape of the multiphoton peak for χ = π/2.
In the right panel, the corresponding behavior would ap-
pear for χ = π/8 (not shown).
Considering additional properties of the pulse shape
under investigation, these observations can be explained.
The pulse spectrum contains strong signatures of the fi-
nite temporal length of the pulse. The Fourier transform
of the characteristic function is of the form sinc(πω/ωb).
As a consequence, the pulse spectrum contains zeros at
integer values of EL/ωb (except for energies in the main
central peak, cp. Fig. 2), where the spectral phase jumps
by π. The particle spectrum and in particular the spec-
tral oscillations are affected by both effects: While the
characteristic zeros determine the energy dependence of
the one-photon process, the phase jumps lead to a dis-
crete energy dependence of the interference phases (see
Appendix for further details).
Accordingly, the shape of the spectral oscillations is
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determined by the one-photon-process and additionally
modulated by the energy-dependent interference phase.
The latter is given by (N˜−1)χ+jπ where the integer j is
increased when EL passes integer multiples of ωb. When
the interference terms vanish due to a specific choice of
χ, the remaining oscillatory structure results from the
(incoherent) addition of the one-photon process on top
of the multiphoton peak.
The one-photon tail lies in the outer part and reveals
further CEP effects which are mainly determined by the
high-energy CEP-dependence of ̺1. Additionally, they
can be caused by interferences involving e.g. the (weak)
channel with N˜ + 1 photons.
Before proceeding to the conclusion, we would like to
draw a brief comparison between our model and a related
model which was presented in [31]. Both approaches
decompose the pair creation process into contributions
of different photon numbers. The model in [31] applies
exactly determined pair production cross sections (inte-
grated over the emission angles) in monochromatic fields
which are, as an approximation, convoluted with the
pulse profile. Contrary to that, in our model an approx-
imation to the pair production probability is used while
the emphasize is laid on the spectral properties of the
laser pulse. Hence, both models possess a conceptually
different structure.
V. CONCLUSION
In this paper, we have investigated the strong-field
Breit-Wheeler process in short laser pulses with inter-
mediate intensities ξ ≤ 1. Employing detailed S matrix
calculations, the energy spectra of emitted particles have
been investigated, which exhibit a rich structure. Gener-
alizing concepts from a bichromatic to a multichromatic
laser field and regarding the finite laser pulse as a limiting
case, our approach is based on the spectral properties of
the laser pulse. This approach enabled us to understand
the structure of the energy spectra as well as the effects
of the laser carrier-envelope phase.
The carrier-envelope phase was found to have a two-
fold impact on the particle spectra. First, it influences
the probabilities of multiphoton process. Second, it di-
rectly affects the interference phase between different pair
production channels. The latter effect clearly reflects the
analogy to the role of the relative phase shift in a bichro-
matic field of orthogonal polarization (see, e.g., [16, 18]).
The combination of both effects leads to distinct signa-
tures of multiphoton interferences in the particle spectra.
Our approach has led to an intuitive model based on
the probabilities of multiphoton processes. The model
has supported the analysis of the particle spectra with
quantitative estimates for the magnitudes of different
production channels, and has additionally allowed to de-
tect combined emission-absorption processes. It can eas-
ily be extended to include high photon numbers and can
further be applied to gain insights into other multiphoton
QED processes in intense laser pulses as well.
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APPENDIX
In this appendix, we shall give further details on the
dependence of the amplitude phase, as briefly described
in Sec. IVB. First, we address the phase jumps in the
spectrum of our particular laser pulse [cp. Eq. (3)].
Let us regard the interference terms in Eq. (28). The
phases ϕ(n¯) are determined by the spectral phases φω of
the participating photons [cp. Eq. (42)]. Let us further
regard processes in the inner part of the particle’s energy
spectrum as defined in Sec. IVA3, such that the spectral
phase of a relevant photon with frequency ω ≡ ωj is given
by
φωj = −χ+ ℓjπ + const . (45)
The integer ℓj is zero if ωj is equal (or close to) ωc. It
is increased by one whenever ωj passes integer multiples
of ωb outside the main spectral peak, which is located
within the interval (ωc − 2ωb, ωc + 2ωb), cp. Figs. 2 and
1. The constant in Eq. (45) does neither depend on the
frequency ωj nor on χ. For a given photon combination
n¯, we introduce the total number of sign-changes ℓn¯ =∑N
j=1 ℓj .
Now we can decompose the full interference term in
Eq. (28) into contributions from certain photon combina-
tions (n¯, n¯′) being sorted by the number of sign-changes
∆ℓn¯,n¯′ = ℓn¯ − ℓn¯′ . At this point, we can also account
for sign-changes induced by σn¯,n¯′ [cp. Eq. (28)]. Since
all these sign-changes affect the global sign of a given
interference process between two photon combinations n¯
and n¯′, we end up with the full interference term PNN ′
being divided in two addends: One with a constructive
interference, the other one with destructive interference.
With ∆ℓn¯,n¯′ being independent of χ in the inner part
of the spectrum, and assuming the same for σn¯,n¯′ , both
interference terms have an effective interference phase of
(N −N ′)χ.
Second, for interference processes being affected by the
high-energy CEP-dependence (see e.g. the right panel of
Fig. 3), the interference phase may be more complicated
than (N − N ′)χ. In fact, when the first term in Eq.
(44) has to be taken into account, the resulting spectral
phase deviates from the linear dependence on χ. Still,
these deviations are found to have only small impact on
the appearance of the corresponding cos-term in our nu-
merical computations.
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